Abstract. Let f (x) be a monic polynomial in Z [x]. We observe a statistical relation of roots of f (x) in different local fields Q p , where f (x) decomposes completely. Based on this, we propose several conjectures.
Introduction and conjectures
Let n be an odd natural number, and consider prime numbers p such that p − 1 is divisible by n. Then the sum of n-th roots of unity in (Z/pZ) × is divisible by p, and the quotient s(p) lies in the interval [1, n − 2]. In the previous paper ( [1] ), we proposed a few conjectures on the distribution of s(p).
In this paper, we give a comprehensive viewpoint. For a polynomial
we put Spl(f ) = {p | f (x) mod p is completely decomposable}, where p denotes prime numbers. Let r 1 , . . . , r n (r i ∈ Z, 0 ≤ r i ≤ p − 1) be solutions of f (x) ≡ 0 mod p for p ∈ Spl(f ); then a n−1 + r i ≡ 0 mod p is clear. Thus there exists an integer C p (f ) such that
We stress that the local solutions are supposed to satisfy
To survey the situation, the proofs of the following will be gathered in the next section.
Proposition 1.1. Let f (x) = x + a (a ∈ Z); then we have, for primes p with finitely many possible exceptions,
The range of C p (f ) for a general case is given by for any prime p (> |a|). Although it may seem desirable, in return, we lose our good expectation in Section 4.
The following is the second exceptional case where we can evaluate C p (f ) explicitly.
Theorem 1.4. Let n be a natural number and let
be a monic polynomial such that
Then we have
for primes p ∈ Spl(f ) with finitely many possible exceptions.
Let f (x) be a monic polynomial in Z [x] . To study the distribution of the values C p (f ), we put, for 1 ≤ c ≤ deg f (x) − 1 and a positive number X,
Let us give one more definition.
We call the minimum among deg f 2 (x) the reduced degree of f (x), and denote it by rd(f ).
The reduced degree of the polynomial in Theorem 1.4 is 2, and the reduced degree of x n − a is the least prime divisor of n. By definition, the reduced degree is greater than 1, and the reduced degree of a polynomial of prime degree p is p. Using this notation, the theorem above is rephrased as follows. 
This case seems exceptional. Now we propose a conjecture based on data in Section 5 :
. We assume that the reduced degree of f (x) is not 2. Then 
that is, a symmetric unimodal sequence.
. We denote by K and K f its minimal splitting field of f (x) and the Galois closure of K over Q, respectively. For a prime number p, we know that with finitely many possible exceptions, f (x) mod p decomposes completely if and only if p decomposes fully in K, and hence in K f . Thus Chebotarev's Density Theorem tells us that
and hence
is easy to see. Numerical data suggests that
Proofs
Proof of Proposition 1.1. Suppose that a prime number p is greater than |a|. If a > 0, then the local solution mod p is p − a, and so C p (f ) = 1. If a ≤ 0, then the local solution is −a, and C p (f ) = 0.
Proof of Proposition 1.2. Let p ∈ Spl(f ) and let r i ∈ Z be integral solutions of f (x) ≡ 0 mod p with 0 ≤ r i ≤ p − 1. By the definition (1.2), we have
Therefore, if there exist infinitely many primes p ∈ Spl(f ) such that C p (f ) = 0, then there is an integer r by the pigeon hole principle such that 0 ≤ r ≤ −a n−1 and r = r 1 for infinitely many primes, which means f (r) = 0 by f (r) = f (r 1 ) ≡ 0 mod p. This contradicts the assumption, and hence C p (f ) ≥ 1 with finitely many possible exceptions.
, and so C p (f ) ≤ n with finitely many possible exceptions. If
np ≤ a n−1 + r 1 + (n − 1)(p − 1), and hence 1 ≤ p − r 1 ≤ a n−1 − (n − 1) ≤ a n−1 . Hence, if there exist infinitely many primes p such that C p (f ) = n, then there is an integer R such that 1 ≤ R ≤ a n−1 and R = p − r 1 for infinitely many primes p. For such primes, we have f (−R) ≡ f (r 1 ) ≡ 0 mod p, and so f (−R) = 0, which contradicts the assumption on f (x). Thus we have C p (f ) ≤ n − 1 with finitely many possible exceptions.
Proof of Theorem 1.4. We may suppose that f 1 , f 2 are monic and f 2 (x) = (x + a) 2 for some rational number a. Then we have
and hence a 2n−1 = 2na. The above means that g(
. Thus 2a is an integer:
Let p ∈ Spl(f ) and f (−a) / ∈ pZ p . First we assume a ∈ Z and let ±r i (i = 1, . . . , n)
Then we have −a − r i ≡ −2a − R i mod p, and
with finitely many possible exceptions. If −2a − R i ≥ 0 for infinitely many primes p ∈ Spl(f ), then we have 0 ≤ R i ≤ −2a for the same primes, and hence there is an integer R such that 0 ≤ R ≤ −2a and R = R i for infinitely many primes p ∈ Spl(f ). This R satisfies f (R) = f (R i ) ≡ 0 mod p for infinitely many primes p, which yields f (R) = 0. Thus we have the contradiction, and hence −2a
for the same primes, and hence there is an integer R such that 
Hence we have
Next, we assume a ∈ Z/2 \ Z and put a = b + 1/2 (b ∈ Z). We consider the above argument over
with finitely many exceptions. Suppose
If this is true for infinitely many primes p, then there is an integer R such that 0 ≤ R ≤ −2b − 1 and R = R i for infinitely many primes. Therefore, f (R) = f (R i ) ≡ 0 mod p for infinitely many primes, which implies the contradiction f (R) = 0.
If there exist infinitely many such primes, then there exists an integer R such that −2b ≤ R ≤ −1 and R = R i − p for infinitely many primes. Hence f (R ) ≡ f (R i ) ≡ 0 mod p for infinitely many primes. This is the contradiction and we have shown (2.3). Now we have, with the condition (2.3),
which completes the proof. 
Miscellaneous remarks
Let us give some remarks. The following conjecture was stated in Remark 2 in [1] .
Conjecture 3.1. Let F = Q(α) ( = Q) be an algebraic number field with an algebraic integer α, and let k be a non-negative integer. For a prime number p which decomposes fully in F and a prime ideal p lying above p, we write in Indeed, we can show that Conjecture 3.1 yields the assertion on the average as follows.
Then the points (c
p (0)/p, c p (1)/p, . . . , c p (k)/p)(∈ [0, 1) k+1 ) distributeX n = 1 √ n (x 1 + x 2 + · · · + x n − n/2), X = lim n→∞ X n
Proposition 3.3. Let f (x) be a monic irreducible polynomial in Z[x] and suppose
The proof is quite similar to the proof of Proposition 1 in [1] . The following gives a connection between Conjecture 4 in [1] and the viewpoint in this paper.
Proposition 3.4. Let m (≥ 2) be a natural number and put n = 3m and f
is true if and only if
Proof. First, we note that
Spl(g) ⊂ Spl(f ) is clear. To see the converse, let p ∈ Spl(f ). Suppose that the order of any solution r of f (x) ≡ 0 mod p is relatively prime to 3; then any solution r of f (x) ≡ 0 mod p is a root of x m − 1 ≡ 0 mod p, since r n ≡ 1 mod p. This is the contradiction, because deg f (x) = 3m − 3 > m. Thus there is a root r such that the order of r is divisible by 3 and hence x 3 − 1 mod p is completely decomposable, and hence Spl(g) = Spl(f ). Let r i (0 ≤ r i ≤ p − 1) be roots of f (x) mod p and let
Hence Theorem 1.4 implies C p (g) = 1+C p (f ) with finitely many exceptional primes p, which yields
which completes the proof.
Remark 3.5. In the above proposition, (3.1) is the assertion in Conjecture 4 in [1] , if n is odd.
Remark 3.6. Although we considered carrying at the first digit only, it is possible to consider it at every digit. Let r 1 , . . . , r n be solutions of f (x) ≡ 0 mod p i ; then a n−1 + r j ≡ 0 mod p i holds, and so we can consider (a n−1 + r j )/p i instead of
, P r i (c, f ) be those defined at the i-th digit similarly to the case i = 1. We expect that they are independent of i and the product P r 1 
Rational approximation of expected density
In this section, we discuss approximating the expected densities by rationals. Let f (x) be a monic polynomial of rd(f ) = 2 such that f (x) does not have a linear factor in Q[x]; then we already know by Theorem 1.4 that
Let f be an irreducible monic polynomial of degree 3m in Z [x] . If the reduced degree is 3, P r(c, f ) is likely to be as follows:
The data for n = 3, 6, 9, 12, 15 in the next section support this. Similarly, in Tables 5 and 6 in [1] , when n = 3m, densities seem to be approximated by
0 o t h e r w i s e .
Professor Yukari Kosugi perceived that the densities in Tables 10 and 6 of [1] are approximated by Eulerian numbers if n is a prime number. Let us introduce this. Let A(1, 1) = 1 and let A(n, k) 
In the tables referred above, the densities are well approximated by
when n is prime. Following her great insight, we easily see that the density P r(c, f ) is well approximated by
5. Numerical data 5.1. n = 3. In the following table, µ, σ 2 , P r(c) are the abbreviation of µ(f, 10 9 ), σ 2 (f, 10 9 ), P r(c, f, 10 9 ) and #Spl = #Spl(f, 10 9 ). The expected values of µ(f ), σ 2 (f ), P r(c, f ) are in the last line. We use these abbreviations hereafter if we do not refer, and the values are rounded off to four decimal places. 
The reduced degree of f 1 , f 2 (resp. f 3 , f 4 ) is 8 (resp. 4). 
, the data for n = 9 in [1] means the following:
P r(1) P r(2) P r(3) P r(4) P r(5) P r(6) P r(7) 0 0 0.24993 0.50014 0.24993 0 0
, the table above is compatible with the expectation in Section 4, noting that the reduced degree of h(x) is three. 5.7. n = 9. We put
The reduced degree of f 1 , f 2 (resp. f 3 , f 4 ) is 9 (resp. 3). 
The reduced degree of f 1 , f 2 is 10, and the one of f 3 , f 4 is 5. 
